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Àííîòàöèÿ
We onsider the spetrum of a Shrodinger operator in a multidimensio-
nal ylinder perturbed by a shrinking potential. We study the phenomenon
of a new eigenvalue emerging from the threshold of the essential spetrum
and give the suient onditions for suh eigenvalues to emerge. If suh
eigenvalues exist, we onstrut their asymptoti expansions.
MCS numbers: 35J10, 35B20, 35P99.
Introdution
Let Ω be an open onneted domain in Rn−1 with an innitely smooth boundary if
n ≥ 3 and be a nite interval as n = 2. We denote Π = Ω× (−∞,∞). By −∆D we
indiate the Dirihlet Laplaian in L2(Π) with domain H20 (Π), where H
2
0(Π) is a
subset of the funtions inH2(Π) vanishing on the boundary of ∂Π. It is known that
its spetrum σ(−∆D) onsists only of its essential part σe(−∆D) = [µ0,∞), where
µ0 is the minimal eigenvalue of Laplaian −∆
Ω
D in L
2(Ω) with the domain H20 (Ω).
By the essential spetrum σe(A) of an operator A we mean the set of λ so that
there exists a bounded nonompat sequene un ∈ DA satisfying the onvergene
(A− λI)un → 0 as n→∞.
In [DE℄ they onsidered the Shrodinger operator
Hh = −∆D + hV,
in L2(Π) with the domain H20 (Π), where 0 < h ≪ 1 was a small parameter, and
the potential V (x) was supposed to be measurable and bounded in Π, and〈
|x||V |φ20
〉
<∞.
Hereinafter
〈g〉 :=
∫
Π
g(x)dx,
1
and φ0 is a normalized eigenfuntion of−∆
Ω
D assoiated with the minimal eigenvalue
µ0 of −∆
Ω
D. It is known that φ0 an be hosen real-valued. Applying Birman-
Shwinger priniple, it was shown that for h small enough the operator Hh has the
unique isolated eigenvalue e(h) below µ0 if and only if〈
V φ20
〉
< 0, (1)
or 〈
V φ20
〉
= 0. (2)
If the inequality (1) or the equality (2) hold true, the asymptoti expansion of e(h)
was obtained. In partiular, if the inequality (1) holds, it was shown that
e(h) = µ0 −
h2
4
〈
V φ20
〉2
+O(h3), h→ 0. (3)
The axisymmetri ase with a potential depending nonlinearly on a parameter
h was studied in [BCE℄. It was shown that the next terms of the expansion of the
potential with respet to a small parameter have an inuene on the neessary and
suient onditions for an eigenvalue to emerge.
In the present paper we study the perturbation of a quantum waveguide by
a potential whih depends on the parameter h as follows. As h → 0, its support
shrinks to a point, while the values of the potential an inreases unboundedly.
Employing the results of [G1℄, [G2℄, we obtain the suient ondition for both
the presene and absene of an eigenvalue emerging from the threshold of the
essential spetrum. In the former ase we onstrut the two-terms asymptotis for
the emerging eigenvalues.
1 Main results
Without loss of generality we assume that the domain Π ontains the origin.
We study the perturbed Shrodinger operator
Hh = −∆D + h
−αVh,
in L2(Π) with the domainH20 (Π), where α < 1 is a xed number, Vh(x) = V
(
x
h
)
, V
is a pieewise ontinuous bounded in R
n
funtion with a ompat support, whih
an be omplex-valued. By analogy with [BG℄ on an show that the operator Hh is
losed and σe(H
h) = [µ0,∞). Sine the funtion V is omplex-valued, the operator
Hh is non-self-adjoint.
It follows from the denition of the potential, that its support shrinks to a
point as h → 0, while the values inreasing unboundedly (as α > 0). It is lear
that it is impossible to redue by a hange of the variables the eigenvalue problem
of Hh to that of Hh.
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Denote
βn(h) = h
√
| lnh|, n = 2,
βn(h) = h, n ≥ 3.
The main result of the paper is following theorem.
Theorem 1.1. Let α < 1. If
Re 〈V〉 > 0,
then the operator Hh has no eigenvalues onverging to µ0.
If
Re 〈V〉 < 0, (4)
then the operator Hh has a unique, and, in addition, simple eigenvalue onverging
to µ0. Moreover, its asymptotis reads as follows
e(h) = µ0 −
h2(n−α)
4
(
φ20(0) 〈V〉
)2 (
1 +O(h+ h−αβn(h))
)
. (5)
The formulas (5) is an analogue of the formula (3) and implies that the eigenvalue
onverging to µ0 lie outside σe(H
h). For the real-valued funtion V the ondition
(4) obviously beomes
〈V〉 < 0. (6)
The onditions (4) are (6) are analogues of (1).
For the operator Hh an analogue of ritial ase (2) is the identity
Re 〈V〉 = 0 (7)
(whih is
〈V〉 = 0
for real-valued potentials V). However, while the operator Hh has an eigenvalue
onverging to µ0 in the ritial ase (2), it will follow from the proof of Theorem 1.1
that the ritial ondition (7) is not suient for the existene of an eigenvalue of
Hh onverging to µ0 as α < 0.
In the onluding setion we show that the same situation ours for the strip
in the ritial ase (1) as 0 ≤ α < 1
2
(f. Remark 3.1).
Remark 1.1. In the proof of Theorem 1.1 we employ substantially the results of
[G2℄. Moreover, these results allow us to onsider not only real-valued potentials
V, but also omplex-valued ones. This is the reason why we onsider omplex-
valued potentials V. In partiular it means that the perturbed operator Hh is not
neessarily self-adjoint.
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2 Preliminaries
In [G2℄ the operator
Hε = −∆D + εLε,
was onsidered, where 0 < ε ≪ 1 is a small parameter, and Lε is an arbitrary
loalized operator of seond order (not neessarily symmetri). Namely, Lε : H
2
loc(Π)→
L2(Π;Q), where Q is a xed bounded domain lying in Π, and
L2(Π;Q) := {u : u ∈ L2(Π), supp u ⊆ Q}.
The operator Lε was assumed to be bounded uniformly in ε,
‖Lεu‖L2(Π) ≤ C1‖u‖H2(Q), (8)
where C1 is a onstant independent of ε. By analogy with [BG℄ one an hek that
the operator Hε in L
2(Π) with the domain H20 (Π) is losed and σe(Hε) = [µ0,∞).
For small omplex k we dene a linear operator A(k) : L2(Π;Q)→ H2loc(Π) as
follows
A(k)g :=
φ0(x
′)
2k
∫
Π
e−k|xn−tn|φ0(t
′)g(t) dt
+
∞∑
j=1
φj(x
′)
2Kj(k)
∫
Π
e−Kj(k)|xn−tn|φj(t
′)g(t) dt,
(9)
where x′ = (x1, x2, ..., xn−1), Kj(k) =
√
µj − µ0 + k2, and µj and φj are the
eigenvalues of −∆ΩD and the assoiated eigenfuntions orthonormalized in L
2(Ω).
We note that A(k) = RD(µ0−k
2) as Re k > 0, where RD(λ) is the resolvent of the
operator −∆D. We denote by I the identity mapping, and by R˜D(k) : L
2(Π;Q)→
H2(Q) and Tε(k) : L
2(Π;Q) → L2(Π;Q) we indiate the operators introdued as
follows
R˜D(k)g :=A(k)g −
1
2k
〈gφ0〉 , (10)
Tε(k)g :=LεR˜D(k)g. (11)
The following results were obtained in [G2℄.
Theorem 2.1. For k small enough the equation
2k + εFε(k) = 0, (12)
where
Fε(k) =
〈
φ0(I + εTε(k))
−1Lεφ0
〉
,
has the unique solution kε.
If Re kε < 0, then the operator Hε has no eigenvalues onverging to µ0.
If Re kε > 0, then the operator Hε has an eigenvalue onverging to µ0 whih is
determined by the identity
eε = µ0 − k
2
ε . (13)
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The denition of the funtionFε(k) implies that for anyN ≥ 2 the representation
Fε(k) = 〈φ0Lεφ0〉+
N−1∑
j=1
(−1)jεj
〈
φ0T
j
ε (k)Lεφ0
〉
+ εNFε,N(k), (14)
holds true, where Fε,N(k) are holomorphi in k funtions bounded uniformly in ε.
3 Proof of Theorem 1.1
Before proeeding to the proof of Theorem 1.1 we prove an auxiliary statement.
Let Q be a bounded domain with C2-boundary lying in Π and ontaining the
origin. By hQ we denote h−1-fold ontration of a set Q.
Lemma 3.1. For any funtion u ∈ H2(Π) the inequality∫
hQ
|u|2dx ≤ C2β
2
n(h)‖u‖
2
H2(Q), (15)
holds true, where the onstant C2 is independent of h.
Äîêàçàòåëüñòâî. Let B be a bounded set in Rn, n ≥ 2, ontaining the origin.
By Hm0 (B) we denote the set of the funtions in H
m(B) vanishing on ∂B.
In ([OISh, Ch. 3, 5, Lm. 5.1℄) and [OSH℄ for n > 3 and n = 2, respetively, it
was shown that for any funtion U ∈ H10 (B) the inequality∫
hQ
|U |2dx ≤ C3β
2
n(h)
∫
B
|∇U |2dx (16)
holds true, where C3 is a onstant depending on the domain B. This inequality is
the orollary the Hardy inequality (see [KOl℄). We hoose B suh that Q ⊂ B.
It is well-known (see, for instane, [M, Ch. 3, 4, Thm. 1℄) that for any funtion
u ∈ H2(Q) there exists a ontinuation U ∈ H20 (B) suh that
‖U‖H2(B) ≤ C4‖u‖H2(Q), (17)
where the onstant C4 depends only on B and Q.
By (16), (17) for any funtion u ∈ H2(Π) we derive the inequalities∫
hQ
|u|2dx =
∫
hQ
|U |2dx ≤ C3β
2
n(h)
∫
B
|∇U |2dx ≤ C5β
2
n(h)‖U‖
2
H2(B)
≤C24C5β
2
n(h)‖u‖
2
H2(Q).
The proof is omplete.
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We proeed to the proof of Theorem 1.1. We denote
ε(h) := h−αβn(h). (18)
The denition of βn(h) yields that ε(h) > 0 and
ε(h) →
h→0
0.
It is also obvious that for h > 0 small enough there exists a funtion h(ε) inverse
to the funtion ε(h) suh that
h(ε) > 0, h(ε) →
ε→0
0.
In view of the denition (18) the perturbing potential of the operator Hh an
be represented as
h−αVh = ε(h)
Vh
βn(h)
.
Let us show that the operator Lε dened as the multipliation by the funtion
β−1n (h(ε))Vh(ε)
Lεu :=
Vh(ε)u
βn(h(ε))
, (19)
satises the estimate (8), if we treat it as the operator from H2(Q) to L2(Π;Q).
In other words, ∥∥∥∥ Vhβn(h)u
∥∥∥∥
L2(Π)
≤ C6‖u‖H2(Q), (20)
where C6 is a onstant independent of h.
Indeed, without loss of generality we an assume that the support of the
funtion V lies in a bounded domain Q ⊂ Π. Then by Lemma 3.1, for eah
u ∈ H2(Π) we onsequently obtain∫
Π
|Vh(x)u(x)|
2 dx =
∫
hQ
∣∣∣V (x
h
)
u(x)
∣∣∣2 dx ≤ max
x∈Q
|V(x)|
∫
hQ
|u(x)|2 dx
≤C7βn(h)‖u‖
2
H2(Q).
This inequality implies the estimate (20), and therefore the estimate (8) for the
operator dened by the identity (19). Hene, for the operator dened by (19)
Theorem 2.1 holds true, where the operator Tε(k) in (11) is introdued as
Tε(h)(k)g = β
−1
n (h)VhR˜D(k)g.
Together with (19) and (18) it follows that for any natural N the identity (14)
beomes
Fε(k) =β
−1
n (h)
(〈
φ20Vh
〉
+
N−1∑
j=1
(−1)jh−jα
〈
φ0(VhR˜D(k))
j(Vhφ0)
〉)
+ (h−αβn(h))
NFε,N(k).
(21)
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Denote
Φ0(ξ
′) =
n−1∑
q=1
∂φ0
∂ξq
(0)ξq.
By diret alulations we hek that〈
φ20Vh
〉
=
∫
hQ
V
(x
h
)
φ20(x
′)dx = hn
∫
Q
V(ξ)φ20(hξ
′)dξ
=hnφ20(0) 〈V〉+ h
n+12φ0(0) 〈Φ0V〉 +O(h
n+2),
(22)
‖φ0Vh‖
2
L2(Π) = h
n
∫
Q
V2(ξ)φ20(hξ
′)dξ = O(hn). (23)
Lemma 3.1 and the denition of the operator R˜D(k) imply that for eah funtion
g ∈ L2(Π;Q) the estimate
‖R˜D(k)g‖L2(hQ) ≤ C2βn(h)‖R˜D(k)g‖H2(Q) ≤ C2CRβn(h)‖g‖L2(Π) (24)
holds true.
We denote
aj =
∣∣∣〈φ0(VhR˜D(k))j(Vhφ0)〉∣∣∣ , CV = max
x∈G
|V(x)|.
Then by (24) and (23) for j ≥ 1 we have
aj ≤‖φ0Vh‖L2(hQ)
∥∥∥R˜D(k)(VhR˜D(k))j−1(Vhφ0)∥∥∥
L2(hQ)
.
≤C2CRβn(h) ‖φ0Vh‖L2(Π)
∥∥∥(VhR˜D(k))j−1(Vhφ0)∥∥∥
L2(Π)
=C2CRβn(h) ‖φ0Vh‖L2(Π)
∥∥∥(VhR˜D(k))j−1(Vhφ0)∥∥∥
L2(hQ)
≤C2CRCVβn(h) ‖φ0Vh‖L2(Π)
∥∥∥R˜D(k)(VhR˜D(k))j−2(Vhφ0)∥∥∥
L2(hQ)
≤ · · ·
≤ (C2CRCVβn(h))
j−1 ‖φ0Vh‖L2(Π)
∥∥∥R˜D(k)(Vhφ0)∥∥∥
L2(hQ)
.
(25)
Together with (23) and (24) it implies that
aj = O(h
nβjn(h)). (26)
The number N in the estimate (21) is arbitrary that together with (26), (22)
and (18) yields
εFε(k) =h
n−α
(
φ20(0) 〈V〉+ h2φ0(0) 〈Φ0V〉+O
(
h2 + h−αβn(h)
))
.
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It follows by (12) that
kε(h) =
1
2
hn−α
(
φ20(0) 〈V〉+ h2φ0(0) 〈Φ0V〉+O
(
h2 + h−αβn(h)
))
. (27)
And, nally, the last identity and Theorem 2.1 lead us to Theorem 1.1.
Remark 3.1. Let us onsider the ritial ase (7) for α < 0. It follows from the
identity (27) that if
φ0(0) Re 〈Φ0V〉 > 0,
then kε(h) < 0, and therefore by Theorem 2.1 the operator H
h
has no eigenvalues
onverging to µ0.
If
φ0(0) Re 〈Φ0V〉 < 0, (28)
then the identity (27) implies that kε(h) > 0 and thus by Theorem 2.1 the operator
Hh has a unique, and, in addition, simple eigenvalue onverging to µ0. For the
real-valued funtions V the inequality (28) asts into the form
φ0(0) 〈Φ0V〉 < 0,
and by the identities (27) and (13) the asymptotis of the eigenvalue reads as
follows
e(h) = µ0 − h
2(n+1−α) (φ0(0) 〈Φ0V〉)
2 (1 +O(h + h−1−αβn(h))) .
Critial ase in the strip as 0 ≤ α < 1
2
Let us onsider the ase n = 2,
V(t) = v(t1)v˜(t2),
where
v˜(t2) =
{
1 as |t2| < 1
0 as |t2| > 1.
In this ase the identity (22) beomes
〈
φ20Vh
〉
=2h2
φ20(0) 〈v〉′ + 2hφ0(0)φ′0(0) ∫
Ω
v(t1)t1dt1
+O(h4),
(29)
where
〈g〉′ :=
∫
Ω
g(t1)dt1,
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and by (9) and (10) the funtion R˜D(k)(Vhφ0) reads as follows
R˜D(k)(Vhφ0) =b0(x2; k)φ0(x1)
〈
vhφ
2
0
〉′
+
∞∑
j=1
bj(x2; k)
φj(x1)
K2j (k)
〈φjvhφ0〉
′
,
(30)
where vh(x1) = v(x1h
−1),
b0(x2; k) =
1
k
(
1
k
(
1− e−kh cosh(kx2)
)
− h
)
,
bj(x2; k) =1− e
−Kj(k)h cosh(Kj(k)x2), j ≥ 1.
(31)
In the ase onsidered Q = Ω × (−1, 1), Ω is an interval (ω−, ω+), ±ω± > 0.
Denote Qh := Ω× (−h, h). It follows from (30) and (31) that
‖R˜D(k)(Vhφ0)‖
2
L2(Qh)
≤ Ch
∞∑
j=0
| 〈φjvhφ0〉
′ |2
µj
. (32)
It is well-known that for the solution to the boundary value problem
−
d2U
dx21
= vhφ0, x1 ∈ Ω, U(ω±) = 0 (33)
the identity
‖U‖2L2(Ω) =
∞∑
j=0
| 〈φjvhφ0〉
′ |2
µj
holds true. Hene, by (32) and the inlusion hQ ⊂ Qh
‖R˜D(k)(Vhφ0)‖
2
L2(hQ) ≤ Ch‖U‖
2
L2(Ω). (34)
We represent the solution to (33) as
U = U0 + U1 + U˜ ,
where Uj and U˜ solve the problems
−
d2U0
dx21
=vhφ0(0), x1 ∈ Ω, U0(ω±) = 0, (35)
−
d2U1
dx21
=vhφ
′
0(0)x1, x1 ∈ Ω, U1(ω±) = 0, (36)
−
d2U˜
dx21
=f˜ , x1 ∈ Ω, U˜(ω±) = 0,
f˜(x1) =vh(x1) (φ0(x1)− φ0(0)− φ
′
0(0)x1) .
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By diret alulations we hek that
‖f˜‖2L2(Ω) = O(h
5).
Therefore,
‖U˜‖2L2(Ω) = O(h
5). (37)
The solution to (36) an be found expliitly,
U1(x1) = −h
3φ′0(0)
x1
h∫
−∞
ξ∫
−∞
v(η)η dη dξ + h2((c1 + c
′
1h)x1 + (d1 + d
′
1h)),
where c1, c
′
1, d1, and d
′
1 are expliitly alulated onstants. Hene,
‖U1‖
2
L2(Ω) = O(h
4). (38)
We hoose v so that
〈v〉′ = 0. (39)
In this ase the identity (1) holds true and also the solution to the boundary value
problem (35) is as follows
U0(x1) = −h
2φ0(0)
x1
h∫
−∞
ξ∫
−∞
v(η) dη dξ + h2(c0x1 + d0),
where c0, and d0 an be also found expliitly. Therefore,
‖U0‖
2
L2(Ω) = O(h
4). (40)
It follows from (37)(40) and (34) that
‖R˜D(k)(Vhφ0)‖
2
L2(hQ) = O(h
5).
This identity, (23), and (25) imply
aj = O
(
β
j−1
2 (h)h
7
2
)
. (41)
The number N in the estimate (21) is arbitrary that together with (41), (29),
(1), (18) and (39) yields
εFε(k) =h
3−α
4φ0(0)φ′0(0) ∫
Ω
v(t1)t1dt1 +O
(
h
1
2
−α
)
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for n = 2. It follows by (12) that
kε(h) = h
3−α
2φ0(0)φ′0(0) ∫
Ω
v(t1)t1dt1 +O
(
h
1
2
−α
) .
Let |ω−| 6= ω+. Then
φ0(0)φ
′
0(0) 6= 0.
Obviously, there exists a ompatly supported funtion ψ(x1) suh that
〈ψ〉′ = 0,
∫
Ω
ψ(t1)t1dt1 6= 0.
Then letting v = ψ and v = −ψ we obtain that the quantity kε(h) has dierent
signs in these ases. Then by Theorem 2.1 in one ase the eigenvalue exists, while
in the other does not.
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